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HYPOELLIPTICITY OF THE ∂¯-NEUMANN PROBLEM
BY MEANS OF SUBELLIPTIC MULTIPLIERS
LUCA BARACCO, STEFANO PINTON AND GIUSEPPE ZAMPIERI
Abstract. We prove local hypoellipticity of the complex Lapla-
cian  and of the Kohn Laplacian b in a pseudoconvex boundary
when, for a system of cut-off η, the gradient ∂bη and the Levi form
∂b∂¯bη
2 are subelliptic multipliers in the sense of [11].
MSC: 32F10, 32F20, 32N15, 32T25
1. Introduction
For a pseudoconvex domain Ω ⊂⊂ Cn with C∞-boundary bΩ, we
consider the problem of the local regularity of the canonical solution of
∂¯b and of the ∂¯-Neumann problem at a point zo ∈ bΩ.We form the Kohn
Laplacian b = ∂¯
∗
b ∂¯b+ ∂¯b∂¯
∗
b and the complex Laplacian  = ∂¯
∗∂¯+ ∂¯∂¯∗.
The first problem can be restated in terms of the hypoellipticity of b
( Hypoellipticity) bu ∈ C∞zo implies u ∈ C∞zo .
In the same way the hypoellipticity of  is defined. We search for gen-
eral criteria of hypoellipticity. It was firstly noticed by Kohn that the
presence in supporting complex hypersurfaces of propagators of bound-
ary smoothness of holomorphic functions prevents from hypoellipticity.
A related phenomenon is that of the propagation of holomorphic ex-
tendibility. According to [9], this takes place along complex curves.
However, in the exponentially degenerate case, it was proved by [1]
that real curves are also propagators. This is the case of the lines Ryj
for the tube domain 2x2 = e
− 1∑n−1
j=1
|xj |
s
for s ≥ 1. This propagation
matches the non-hypoellipticity of b proved by [6] in C
2. Instead, if
s < 1, the argument for propagation of [1] breacks down; again, this is
in accordance with the hypoellipticity which occurs as a consequence
of “superlogarithmic” estimates (cf. this section below). Thus propa-
gation and hypoellipticity appear opposite one to another.
As for classical positive results on hypoellipticity, we recall that this
is generally obtained through estimates on forms v of degree k ∈ [1, n−
2] such as
(1.1) (Subelliptic) ||v||ǫ <
∼
||∂¯bv||+ ||∂¯∗b v||,
1
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or
(1.2) (Superlogarithmic) || log(Λ)v|| <
∼
δ(||∂¯bv||+ ||∂¯∗b v||) + cδ||v||−1,
for any δ and for suitable cδ. Models are “decoupled” domains 2xn =∑n−1
j=1 h
j(zj) with
(Subelliptic) hj = |zj |2mj or hj = x2mjj ,
(Superlogarithmic) hj = e
− 1
|zj |
s
or hj = e
− 1
|xj |
s
, s < 1,
where we can replace the power |zj |s, s < 1 by |zj| log |zj | and simi-
larly for xj (cf. [10]). To get hypoellipticity from (1.1) (cf. [14]), one
substitutes ηΛsu for v where η ranges in a system of cut-off and Λs
is the standard tangential elliptic operator of order s. The problem is
to control the commutators [∂¯
(∗)
b , ηΛ
s]. First, these are estimated by
|∂η|Λs + csΛs; next, one controls cs by a small constant produced by
Sobolev interpolation, |∂η|Λs by induction, and gets
(1.3) ||ηu||s <
∼
||η′∂¯bu||s+||η′∂¯∗bu||s+||u||0 for η′ ≻ η i.e. η′|supp η ≡ 1,
which is sufficient for hypoellipticity. To get the same conclusion (1.3)
starting from (1.2), one replaces Λs by the pseudodifferential opera-
tor Rs with symbol σ(Rs) = Λ
sσ(z)
ξ for η ≺ σ ≺ η′ and notices that
ηΛs ≺ η′Rs + O(Λ−∞), |∂η|Rs = O(Λ−∞), |[∂¯(∗)b , Rs]| ≤ cs log(Λ)Rs
and controls cs << δ
−1 where δ is the small constant in (1.2) (cf. [13]).
But hypoellipticity is not entirely ruled by estimates. In [12], Kohn
proves hypoellipticity for boundaries defined by 2xn = h(z
′, yn) such
that
(i) there are subelliptic estimates for |z′| 6= 0,
(ii) hz¯j are subelliptic multipliers.
In this situation, taking a cut-off χ of one real variable and setting
ζ = Πj=1,...,n−1χ(|zj|), θ = χ(|yn|), η = ζθ, and denoting by L¯j , j =
1, ..., n− 1 a system of (0, 1) vector fields, we have
[L¯j , η] = ζzjθ︸︷︷︸
controlled by (i)
+ hjz¯jζθ˙︸ ︷︷ ︸
controlled by (ii)
.
The model is
2xn = e
− 1
(
∑
j |zj |)
s
for any s > 0.
When s < 1, hypoellipticity was already obtained from superlogarith-
micity even with zj replaced by xj ; when s ≥ 1, the conclusion is new
and does not hold for xj (cf. [1] and [6] already mentioned above).
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It remained open the problem of the hypoellipticity of domains with
model
(1.4) 2xn =
∑
j
e
− 1
|zj |
s
, s ≥ 1,
in which summation is not taken at exponent. In this case (i) and (ii) do
not hold at the points of the “cross” zj = 0 for some j = 1, ..., n− 1. A
first answer to this question has been given in [3] where hypoellipticity
is stated on a class of domains which contains (1.4). This is obtained
by modifying the localized “bad” vector field ζθT into
(T )ζθ := ζθT −
(∑
j
(hjzj z¯j)
−1Lj(ζθ)L¯j + (h
j
zj z¯j)
−1L¯j(ζθ)Lj
)
(cf. [7]). The class of domains in question is that for which the coeffi-
cients (hjzj z¯j)
−1
(−)
L j(ζθ) are well defined, that is, the zeroe’s of
(−)
L j(ζθ)
balance those of hjzj z¯j .
In the present paper, we give the geometric solution to the problem.
Hypoellipticity holds whenever
(1.5) ∂¯bη and ∂b∂¯bη
2 are subelliptic multipliers,
over “positively microlocalized” forms u+. The model is
2xn =
∑
j
e
− 1
|zj |
sj
x
2mj
j any sj > 0 and mj ≥ 0.
The idea of the proof is to insert the cut-off η into the weight e−ϕ,
ϕ = − log η2 + t|z|2, z′ ∈ TCbΩ, which occurs in the “basic estimate”.
This dispenses from controlling [∂¯
(∗)
b , η] and reduces the problem only
to the error in the Levi form and in the adjunction (in addition to the
commutator [∂¯
(∗)
b ,Λ
s], as usual):
e
−ϕ
(
∂b∂¯bϕ− ∂b∂¯b(t|z|2)
)
∼ ∂b∂¯bη2,
e−ϕ
(
(∂¯∗ϕ)b − (∂¯∗t|z′|2)b
)
∼ ∂bη.
Thus, by the aid of (1.5), the basic estimate turns into a regularity
estimate with cut-off. Note that the single entries of ∂b∂¯bη
2 and ∂η
need not to be subelliptic multipliers for all components of u but just
for those that they “pick up”.
Acknowledgments. The paper was accomplished at Sao Paulo USP in
November 2013. The authors are grateful to Paulo Domingo Cordaro
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2. The main result
Let Ω ⊂⊂ Cn be a smooth pseudoconvex domain and zo = 0 a
boundary point.
Theorem 2.1. Assume that there is a system of smooth cut-off η in a
neighborhood of 0 such that
(2.1)
∂bη and ∂b∂¯bη
2 are subelliptic multipliers in positive microlocalization
in any degree k ∈ [1, n− 1] (cf. [11]).
Then b and  are C
∞-hypoelliptic at 0.
The main tool in the proof is the proposition below. Let Hb = kerb
be the space of harmonic forms.
Proposition 2.2. Assume that for a system of cut-off η, (2.1) is sat-
isfied. Then for any η and for suitable η′ ≻ η, that is η′|supp η ≡ 1, we
have
(2.2)
||ηu||s <
∼
||η′∂¯bu||s + ||η′∂¯∗bu||s + ||u||0 for any u ∈ H⊥ ∩ C∞(bΩ)
in any degree k ∈ [0, n− 1].
The same estimate holds for the ∂¯-Neumann problem.
Proof. We choose the orientation T± of the purely imaginary vector
field and consider the microlocal decomposition of the identity Id =
Ψ++Ψ−+Ψ0 and the corresponding decomposition of a form u = u++
u−+ u0 (cf. [13] Section 2). We recall that u0 enjoys elliptic estimates;
we also observe that [∂¯
(∗)
b ,Ψ
±] ≺ Ψ0 and hence it suffices to prove
(2.2) separately for u+ and u−. We recall that the star-Hodge operator
u− 7→ ∗u− = ∗u¯+ settles up a correspondence between “negative” forms
in degree k and “positive” forms in complementary degree n − 1 − k.
Thus it suffices to prove (2.2) for u+.
We start from k ≥ 1. We recall the weighted tangential estimates
with weight e−ϕ for ϕ = − log η2 + t|z′|2, z′ ∈ TC0 bΩ; we point out
that even though the weight ϕ is not smooth, nevertheless e−ϕ∂bϕ and
e−ϕ∂b∂¯bϕ are bounded and hence all integrals below are well defined.
Here is the estimate
(2.3)∫
e−ϕ∂b∂¯bϕ(u
+, u+)dV + ||∇¯u+||2ϕ <
∼
||∂¯bu+||2ϕ + ||(∂¯∗ϕ)bu+||2ϕ + ||u+||2ϕ.
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We first remove e−t|z
′|2 from norms since it is uniformely bounded from
above and below; thus the norms in (2.3) change into || · ||2− log η2 . We
now describe ∂b∂¯bϕ and (∂¯
∗
ϕ)bu
+. For the first
(2.4)
∂b∂¯bϕ(= ∂b∂¯b(− log η2+ t|z′|2)) = −2
η
∂b∂¯bη+2
∂bη ⊗ ∂¯bη
η2
+ t∂bz
′⊗ ∂¯bz¯′.
For the second, we start from (∂¯∗ϕ)b = ∂¯
∗
b + ∂b log η
2 − tz¯′dz′ and get
||(∂¯∗ϕ)bu+||2ϕ ∼ ||(∂¯∗− log η2+t|z′|2)bu+||2− log η2
= ||η∂¯∗bu+||20 + 4||∂bη | u||20 + ||ηtz¯′dz′ | u||20
+ 4Re
(
η∂¯∗bu
+, ∂bη | u
+ + tz¯′dz′ | u+
)
0
+ 4||∂bη | u+ + ηtz¯′dz′ | u+||20.
(2.5)
Taking supp η in a small neighborhood of zo = 0, tz¯
′ is also small. By
(2.4) and (2.5), equality (2.3) with u+ replaced by Λsu+ yields
t||ηu+||20 + ||η∇¯u+||20 <
∼
||η∂¯bu+||20 + ||η∂¯∗bu+||20
+ ||∂bη | u+||20 +
∫
∂b∂¯b(η
2)(u+, u+)dV.
(2.6)
Note that, an alternative proof of (2.6) can be obtained from the bound-
ary version of [15] Proposition 2.4 formula (2.24) with “twisting coef-
ficient”
√
a = η and weight e−t|z
′|2 . We apply (2.6) for u+ replaced by
Λsu+ and wish to do two operations: to commutate ∂¯
(∗)
b with Λ
s in the
right side of (2.6), and to estimate the two terms in the second line;
(here ∂¯
(∗)
b denotes either occurence of ∂¯b or ∂¯
∗
b ). For this, we notice that,
with the notation cs := max
z′
|(cjs)j|, we have
(2.7)


[∂¯
(∗)
b ,Λ
s] = (cjs)jΛ
s,
||∂η | Λsu+||2 +
∫
bΩ
∂b∂¯bη
2(Λsu+,Λsu+)dV
<
∼
Qbη′Λs−ǫ(u
+, u+) + cs||η′Λs−ǫu+||2.
Here and in what follows, for an operator Op such as η′Λs−ǫ, we write
QbOp(u
+, u+) for ||Op∂¯bu||2 + ||Op∂¯∗bu||2. We use (2.7) inside (2.6) in
which u+ is replaced by Λsu+ and get
(2.8)
||ηΛsu+||20 <
∼
QbηΛs(u
+, u+)+Qbη′Λs−ǫ(u
+, u+)+cs||η′Λs−ǫu+||20+
cs
t
||ηΛsu+||20.
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We absorb the term in (2.8) with a factor of cs
t
by taking t large and
restart (2.8) for η replaced by η′ and Λs by Λs−ǫ and, by induction on
j such that jǫ > s, get (2.2) for any form in degree 1 ≤ k ≤ n− 1.
We have to show now that (2.2) also holds for forms in degree k = 0.
In fact, given u ∈ H⊥, we use that ∂¯∗b has closed range, and write
u = ∂¯∗b v for some 1-form v such that ∂¯bv = 0 and ||v||0 <
∼
||u||0.
We now observe that
(2.9)


η∂¯∗b (v) = ∂¯
∗
b (ηv)− ∂bη | v,
(∂¯∗b v)
+ = ∂¯∗b v
+ − [∂¯∗b ,Ψ+]v
=: ∂¯∗b v
+ + v0,
for v0 ∼ −Ψ˙+v. It follows
||ηΛsu+||2 =
(
Λsu+, η2Λs∂¯∗b v
+
)
−(Λsu+, η2Λsv0)︸ ︷︷ ︸
denoted E below
=
(
Λsu+, ∂¯∗b (η
2Λsv+)
)
+
(
ηΛsu+,
∑
j
(2Lj(η) + c
j
sη)Λ
sv+j
)
+ E
=
(
ηΛs∂¯bu
+, ηΛsv+
)
+ 2Re
(
ηΛsu+, η
∑
j
cjsΛ
sv+j
)
+
(
ηΛsu+, 2
∑
j
Lj(η)Λ
sv+j
)
+ E
≤
2.8
||ηΛs∂¯bu+||2 + sc||ηΛsu+||2 + lc||ηΛsv+||2 + lc||∂b(η) | Λsv+||2 + E ,
(2.10)
where, sc and lc denote a small and large constant respectively. Here
and in the following, the notation E is used for an error subject to
an elliptic gain which can therefore be disregarded. We have now to
estimate ||ηΛsv+||2 and ||∂b(η) | Λsv+||2. For the second:
||∂b(η) | Λsv+||2 <
∼
Qbη′Λs−ǫ(v
+, v+) + cs||η′Λs−ǫv+||2
<
∼
||η′Λs−ǫ(∂¯∗b v)+||2 + ||η′Λs−ǫv0||2 + cs||η′Λs−ǫv+||2.
(2.11)
The central term in the last line above is of type E . The first term
is ||η′Λs−ǫu+||2 which can be controlled by induction. Finally, to
handle ||η′Λs−ǫv+||2, we apply (2.8) and get an estimate by means
of ||η′Λs−ǫu+||2 + ||η′Λs−ǫv0||2 + ||η′′Λs−2ǫu+||2 + ||η′′Λs−2ǫv+||2 +
cs
t
||η′Λs−ǫv+||2. In this way we control ||∂b(η) | Λsv+||2 (and simi-
larly we can control
∫
bΩ
∂b∂¯bη
2(Λsv+,Λsv+)dV ). We pass to ||ηΛsv+||2:
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since ∂¯bv = 0, then
||ηΛsv+||2 <
∼
(2.6)
1
t
(
||ηΛs∂¯∗b v+||2 + ||∂b(η) | Λsv+||2 +
∫
bΩ
∂b∂¯bη
2(Λsv+,Λsv+)dV
)
≤ 1
t
||ηΛsu+||2 + ||ηΛsv0||2 + ||∂b(η) | Λsv+||2 +
∫
bΩ
∂b∂¯bη
2(Λsv+,Λsv+)dV.
(2.12)
In the last line of (2.12), the first term can be absorbed in the left of
(2.10), the second is subject to an elliptic gain as E above, the third has
the estimate (2.11) and the last is similar. Altogether, ||∂b(η) | Λsv+||2
and ||ηΛsv+||2, in (2.10) are controlled. Thus induction works in (2.10)
and has the effect of reducing the Sobolev index both of u+ and v+.
At the last step, that is at s = 0, we use the closed range estimate
||v+||0 ≤ ||v||0 <
∼
||u||0 and get rid of v.
This concludes the proof of estimate (2.2) of Proposition 2.2. The
corresponding estimate for the ∂¯-Neumann problem is obtained by the
technique of [2].
Remark 2.3. We give an alternative proof of (2.2) for u− which avoids
use of the star-Hodge operator. For this, we start, instead of (2.3) from
(2.13) −
∫
eϕ∂b∂¯bϕ(u
−, u−)dV +
∑
j
∫
eϕϕjj¯|u−|2dV + ||∇u−||2−ϕ
<
∼
||∂¯bu−||2−ϕ + ||(∂¯∗−ϕ)bu−||2−ϕ + ||u−||2−ϕ.
Using the analog of (2.4), (2.5) with ϕ replaced by −ϕ, we end up with
(2.14) t||ηu−||20 + ||η∇u−||20 <
∼
Qη(u
−, u−) + ||∂¯bη ∧ u−||20
+
∫
∂b∂¯bη
2(u−, u−)dV − 2
∑
j
∫
ηηjj¯|u−|2dV.
We then use the identities{
∂¯bη ∧ u− = − ∗ ∂bη | ∗ u¯+,
∂b∂¯bη
2(u−, u−)− 2η∑j ηjj¯|u−|2 = ∂b∂¯bη2(∗u¯+, ∗u¯+),
which shows an action of subelliptic multiplier over ∗u¯+. The rest of
the proof goes through as before.

Proof of Theorem 2.1. By the L2-theory of ∂¯b, there is well defined
in L2 the Green operator G = −1b . As an immediate consequence of
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(2.2), ∂¯∗N and ∂¯N have exact local Hs-regularity at zo over ker ∂¯ and
ker ∂¯∗ respectively. More precisely, we have
(2.15) ||η∂¯(∗)b Gu||s <
∼
||η′u||s + ||u||0.
Let S, resp. S∗ be the Szego¨, resp. anti-Szego¨, projection. By Kohn’s
formula S = Id − ∂¯∗bG∂¯b and S∗ = Id − ∂¯bG∂¯∗b , we have that the
projections S(∗) are also regular, though a loss of one derivative may
occur on account of the double application of ∂¯
(∗)
b . In other words we
have
(2.16) ||ηS(∗)u||s <
∼
||η′u||s+1 + ||u||0.
From this, we can get the (non-exact) regularity of G itself on account
of
||ηGα||s = ||ηbG2α||s
<
∼
||η∂¯b∂¯∗bG2Sα||s + ||η∂¯∗b ∂¯bG2S∗α||
<
∼
||η∂¯bG∂¯∗bGSα||s + ||η∂¯∗bG∂¯bGS∗α||s
<
∼
||η′∂¯∗bGSα||s + ||η′∂¯bGS∗α||s
<
∼
||η′′Sα||s + ||η′′S∗α||s
<
∼
||η′′′α||s+1.
This estimate with loss of 1 derivative is an “a-priori” estimate. The
method of the elliptic regularization makes it a “genuine” estimate;
this clearly suffices for local C∞-regularity of the Green operator G.
The similar conclusion on the C∞-regularity of the Neumann operator
N is obtained from the variant of (2.2) for the ∂¯-Neumann problem.

3. A class of Examples
A large class of domains to which Theorem 2.1 applies is provided
by the following
Theorem 3.1. In Cn we consider a “decoupled” pseudoconvex domain
whose boundary bΩ is defined in a neighborhood of 0 by
2xn =
n−1∑
j=1
hj(zj),
HYPOELLIPTICITY OF THE ∂¯-NEUMANN PROBLEM... 9
for hj real subharmonic, that is, satisfying hj
jj¯
≥ 0. We make the ad-
ditional assumptions that each hj has finite type 2mj for zj 6= 0 and
that, up a harmonic term ReF j, we have |hjj + ReF j | <
∼
h
j
jj¯
.
Then, for a fundamental system of cut-off η at 0, ∂bη and ∂b∂¯bη
2 are
1
2m
-subelliptic multipliers for m = supj mj ≥ 2 over forms u+ in degree
k ∈ [0, n− 1].
Proof. We choose a cut-off χ in R at 0, set ζ = Πjχ(|zj |), θ = χ(yn),
and define η = ζθ. We also write a general coefficient of u in degree k
as ujK for j = 1, ..., n − 1 and |K| = k − 1; we also use the notation
r := 2xn−
∑
j h
j . The crucial point in the proof below is that, r being
decoupled, we have
(3.1)
∑′
|K|=k−1
∑
ij=1,...,n−1
rij¯uiK u¯jK −
∑
j=1,...,n−1
∑′
|K|=k−1
rjj¯|ujK|2 = 0.
Thus, the basic estimate not only yields
(3.2)
∑
j
∑′
|J |=k
||L¯ju+J ||20 <
∼
Qb(u+, u+) + ||u+||20,
as usual, but also
(3.3)
∑
j
∑′
|K|=k−1
||Lju+jK||20 <
∼
Qb(u+, u+) + ||u+||20.
We select an index jo. Since, the iterated brackets [
(−)
L jo, [
(−)
L jo, [...]]]︸ ︷︷ ︸
2mjo
(where
(−)
L jo denotes either occurence of Ljo or L¯jo) generate the purely
imaginary vector field T = ∂yn over supp ζ˙zjo ⊂ {zjo : zjo 6= 0}, then
we have
||T (ζzjou+joK)||−1+ 12mjo <∼ ||Ljo(ζzjou
+
joK
)||0 + ||L¯jo(ζzjou+joK)||0 + ||u+joK ||0
<
∼
(3.2), (3.3)
Qb(u+, u+) + ||u+joK ||20.
(3.4)
Thus Qb + || · ||20 contains, over supp ζzjo , the norm of a fractional
derivative ||T
1
2mjo u+joK ||20 and of a full derivative ||L¯ju+joK ||20 for any
j = 1, ..., n − 1. As for Lj , this is already contained in Qb + || · ||20
for j = jo according to (3.3). For j 6= jo, we have to change Lj into L¯j .
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For this, we use the identity
||Lj(ζzjou+joK)||20 <∼ ||L¯j(ζzjou
+
joK
)||20+
(
[Lj , L¯j](ζzjou
+
joK
), ζzjou
+
joK
)
+||u+joK ||20;
next, we express the commutator as [Lj , L¯j ] = rjj¯T +
∑
h
(−)
a h
(−)
L h. The
terms
(
ζzjo
(−)
a h
(−)
L hu
+
joK
, ζzjou
+
joK
)
can be estimated by sc
∑
j ||ζzjo
(−)
L ju
+
joK
||20+
lc||u+joK ||20 which yields
∑
j
||Lj(ζzjou+joK)||2−1+ 1
2mjo
<
∼
∑
j
||L¯j(ζzjou+joK)||2−1+ 1
2mjo
+ ||T (ζzjou+joK)||2−1+ 1
2mjo
+ sc
(∑
j
||Lj(ζzjou+joK)||2−1+ 1
2mjo
+
∑
j
||L¯j(ζzjou+joK)||2−1+ 1
2mjo
)
+ lc||u+joK ||20
<
∼
(3.4)
Qb(u+, u+) + sc
∑
j
||Lj(ζzjou+joK)||2−1+ 1
2mjo︸ ︷︷ ︸
absorbed
+ lc||u+joK ||20.
(3.5)
Taking summation over jo and K, and the minimum
1
2m
of the 1
2mjo
’s,
we get the estimate for ∂bζ = ∂bΠjζj
||∂bζ | u+||21
2m
<
∼
Qb(u+, u+) + ||u+||20
<
∼
Qb(u+, u+),
(3.6)
where the second estimate follows from the closed range. Passing to a
general ∂bη = ∂bζθ, we notice that
(3.7) ∂bη = (Ljη)j=1,...,n−1 = (ζzjθ︸︷︷︸
(a)
)j=1,...,n−1 + (ζh
j
zj
θ˙︸ ︷︷ ︸
(b)
)j=1,...,n−1.
Now, (a) has already been estimated in (3.6). As for (b), we observe
that in new complex coordinates in which we get rid of harmonic terms
in the hj ’s, we have by hypothesis |hjzj |2 <∼ h
j
zj z¯j . It follows
||(hjzj)j=1,...,n−1 | u+||21
2
<
∼
∫
∂b∂¯br(T
1
2u+, T
1
2u+)dV + ||u+||20
<
∼
Qb(u+, u+);
(3.8)
again, we have estimated ||u+||20 <
∼
Qb by closed range. This, together
with (3.6), shows that the gradient ∂bη is a
1
2m
-subelliptic multiplier. We
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pass to the Levi form. We start from the obvious equality LiL¯j(η
2) =
2Li(η)L¯j(η) + 2ηLiL¯j(η) and
LiL¯j(η) = (ζziζz¯jθ + ζziz¯jθ) + (ζzih
j
z¯j θ˙ + ζz¯jh
i
zi
θ˙) + ζhjzi z¯j θ˙ + ζh
i
zi
h
j
z¯j θ¨.
Now, the first and second terms in the right are controlled by (a) of
(3.7) above. The third and fourth by∣∣∣ ∫ ζziu+i hjz¯j u¯+j θ˙dV ∣∣∣ ≤
Cauchy-Schwarz
||ζziu+i ||0 ||hjz¯j u¯+j θ˙||0,
and then by (a) combined with (b). The fifth by∑
j
||T 12 (hjzj z¯ju+j )||20 <∼
∫
∂b∂¯br(T
1
2u+, T
1
2u+)dV + ||u+||20
<
∼
Qb(u+, u+).
Finally, the sixth by (b).

Example 3.2. For the pseudoconvex domain with boundary defined, in
a neighborhood of 0, by
2xn =
n−1∑
j=1
e
− 1
|zj |
sj
x
2mj
j any sj > 0 and mj ≥ 0,
we can readily verify that the hypotheses of Proposition 3.1 are satis-
fied. Hence, on account of Theorem 2.1, b and  are C
∞-hypoelliptic
at 0.
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